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1. An insurance company finds that 0.005 percent of the population die from a certain kind of
accident each year. What is the probability that the company must pay off on more than 3 of
10,000 insured risks against such accidents in a given year? (10%)

[BZRHEHH]

2. Let B stand for the Beta function. The distribution, for x € [—1, 1], given by

1 2\ (n—4)/2
im0 )

is called the r distribution. Find the mean and the variance of this distribution. (15%)

(BRG]

f(x;m) = B

3. If X has a uniform distribution over the interval (—m/2,7t/2), find the distribution of Y = tan X.
(15%)

(AR ]

4. Assume Xy, ..., X;, are iid U(0,1). Let T = -2 Z In(X;) Please derive the pdf of T. (15%)

i=1

[Hrl ]

5. Assume Y is a random variable with a Poisson distribution with parameter A. However, A is a
random variable with pdf

f(A) = e Mo

where I(-) is the indicator function. Please calculate Var(Y). (15%)

[rpiln ]
6. Let the joint probability density function of (X,Y) be
fx,y) =1,0<x<I,x<y<x+1.
(a) Find the marginal probability density functions of X and Y. (10%)
(b) Find the covariance of X and Y. (10%)
[Fp S F]

7. Let X3 < Xz < ... < Xy, be the order statistics of n independent observations from a U(0, 1)
distribution and let Y;, be Y, = X;; — X;. Please calculate the expectation of Y, as n — oo.
(15%)

[Hh et ]



8. LetY = (Yq,---,Y.) ~ Multinomial(n; 7y, - - - , 7t ) represent a multinomial distribution with pdf

n! < .
= — — Yi
P(Y1 =Y, )YC_yC)_yl!"'yc!ilz!ﬂi )

subject to Zyi =mnand Z m; = 1. Obtain

i=1 i=1
(a) Find the moment generating function of Y, whichis My, v (t1,--- ,tc) = E(eft Y1 FteYe),
(15%)
(b) Show that Y;|Yyx = yx ~ Binomial (n Y, 7T7) (15%)
1— Tl

(¢) Show that Cov(Y;,Yy) = —nmim. (15%)
[ B wt ]

[bonus] Let X and Y be independent standard normal random variables. Find the moment generating
function of XY. (10%)
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1. An insurance company finds that 0.005 percent of the population die from a certain kind of
accident each year. What is the probability that the company must pay off on more than 3 of
10,000 insured risks against such accidents in a given year? (10%)

[BE KA
sol: 4 X %7K 10,000 ffgffHhgbr: A%
RBEEE AT AT X ~ Bin(n = 10,000, p = 0.00005) —— Poi(A = np = 0.5)
70 5 O 5)
Rk A P(X > 3) =1 — Z =0.001752
([l

2. Let B stand for the Beta function. The distribution, for x € [—1, 1], given by

1
— (1 —x
51, 57)

f(X; TL) _ 2)(“*4)/2

is called the r distribution. Find the mean and the variance of this distribution. (15%)
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1
sol: E(X) —J x
1
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If X has a uniform distribution over the interval (—7t/2,7t/2), find the distribution of Y = tan X.
(15%)

B
. 1 s T
fﬁ%ﬁﬂ%ﬂ X~ fx(x) = ;) _7 <x < 7
HI i Jacobian 3, KA Y=tanX < X=tan 'Y < J= ax _ ! >
dy T+y
1
_ —1 _
= fy(y) =fx(tan™' y)|d| = < Y eR
O

Assume Xq, ..., Xy, are iid U(0,1). Let T = —2 Z In(X;) Please derive the pdf of T. (15%)

i=1

[l S

Hy Jacobian 34 Y, = —2InX; — X; — e~ 2 — J = %‘ - —%e*%
. 1
= fy (y) :fxi(€_7)’3| = 26_7, y>0
D Ve S Bxp(B = 2) ~ Gamma(a = 1,8 = 2) ~ x3(v = 2)
A T=-2) InXi=) Y;~Gamma(x=n,p =2)~x*(v=2n)
i=1 i=1
1 n—-1_,-%
A () = gt e E 10
O

Assume Y is a random variable with a Poisson distribution with parameter A. However, A is a
random variable with pdf
f(A) = e Mso)

where I(-) is the indicator function. Please calculate Var(Y). (15%)

[rr il ]
HIEEH R YIA ~ Poi(A), A~ Exp(B =1)
I H 5 LA RAEER AT AL Var(Y) = E[Var(YI\)] + Var[E(Y)] = E(\) + Var(A) = 141 =2



6. Let the joint probability density function of (X,Y) be
flx,y) =1,0<x<yx<y<x+1.

(a) Find the marginal probability density functions of X and Y. (10%)
(b) Find the covariance of X and Y. (10%)

[ eiit]
sol:  (a) AEFTHOA B AEIBH 2 A e BT s y

A P (B Sl o R i B pdlf B 93-S Py y=x+1

x+1
fX(x):J+1dy:1,0<x<1 /

x Yy=x

e B Jgldx =y ,0<y<1 U 3
fY(y)iJ,oof(X’y)dX7 f;iﬂdx:Z—y , 1<y<2 |
. X

(b) E(XY) = E J'XH xy X 1dydx = E x% {(x—i— 1?2 —xz} dx

1 (! 1/2 1 7
_ZJ’O(szer)dx—2(3+2>_]2
1 1 s
E(X):Lxx1dx:?, E(Y)zj yfy(y)dy =1
= Cov(X,Y) =EXXY)—EX)E(Y)= — — — x1=—
a

7. Let X; < Xz < ... < Xy, be the order statistics of n independent observations from a U(0, 1)
distribution and let Y;, be Y, = X;; — X;y. Please calculate the expectation of Y, as n — oo.

(15%)
[ g b ]
sol: FIEFFEHHLZ A5, A Fr, (0) = ——— X 1 (1 =)™, 0 < x < 1
X (k—1)(n—Kk)!
RN Xy ~ Beta(k,n+1—k), k=1,2,..,n
. _ .o n 1 n-]
AIFsR% E(Yn) = E(Xn) —E(Xq) = i e L
. lim E(Yy) = lim M
n—oo n—oo N+ 1
0
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8. LetY = (Yq,---,Y.) ~ Multinomial(n; 7y, - - - , 7t ) represent a multinomial distribution with pdf

P(Y1 =Y, Y —Uc = 'H,;-[}Ji’

subject to Zyi =mnand Z m; = 1. Obtain

im1 i=1
(a) Find the moment generating function of Y, whichis My, v (t1,+,tc) = E(et1 Y1 FteYe),
(15%)

(b) Show that Y;|Yx = yx ~ Binomial (n Yy, ]L) (15%)
(¢) Show that Cov(Y;,Yy) = —nmim. (15%)

[Fh BT ]
&1: (a) MY] - Ye (t1 y ey tc) = E(exp{tl Yi+..+ thc})

Cc

|
— Z...Zexp{t1y1 +...+tcgc}ﬁn7ﬁﬁ

i=1

_Z ZH y,Hm —(iﬂieti>n’ tieR,i=1,..,c
= i=1

() My, (t, ti) = My, ve (0y 0000, 5, 0, .0y O, i, Oy ...y O)
= (me' +mee™ + 1 —m —m)", t,tk €R
i mgf pOME—MERT AN (Y3, Yi) ~ trinomial(n, 7y, 1)
WiE—H My, (t) = Myy, (0, t) = (mee™ +1—m)", ti € R, A1 Yy ~ Bin(n,m)

! i —Yi—
R 0 (15 1% I e o S U A
YilYy ylyk) - f ( ) - # Yk (1 n—yk
v Yk Yel(n— yk)'ﬂ ( nk)
_ (n —yi)! (1 = —m )Yk
yi!(n —yi —yi)! (1 —m )y

B (n;iyk> ( 1 Tnk )yi (1 7 flﬂk )niyﬁyk, yi=0,1,...,n —yx

WERVEA YilVic = i ~ Bin(n — yi, —— )

1—7Tk
Tt —T4 n7
(©) IR RATAT BV = yid) = (n—wid) (70 ) = o ¥+ 7o
= N (o T L N7
FIFEACAN E(YilY: = y0) = (=) (705 ) = o Vit o
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= Cov(Yi, Yk) = 0105 = —\/( —Th ) ( Tt ) V(1 —m) /nme (1 — my)

1— Tl 1— us
= —MNMT7 7Tk
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[bonus] Let X and Y be independent standard normal random variables. Find the moment generating
function of XY. (10%)

[ K]
sol: 4 T =XY, Al My (1) = E(e'T) = E(eXY) = E[E(eXY[X)]
s, E(eXYX = %) =E(e™Y) = My (t) = exp {52}
2vy2
HOTHI M. (8) = E(eXY) = E[E(eXY]x) | = E(exp 5 }>
o) tZXZ 1 XZ
= JiooeXp {T} X ﬁexp{ — 7} dx
1™ (1 —t2)x?
Nz J e e AL
1 T (> 1 x?
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fﬁ 27{1—t2 x1= — —T<t<l1
O



